Abstract. The present paper is a continuation of [5] , where Lie bialgebra structures on g [u] were studied. These structures fall into different classes labelled by the vertices of the extended Dynkin diagram of g. In [5] the Lie bialgebras corresponding to −αmax were classified. In the present article, we investigate the Lie bialgebras corresponding to an arbitrary simple root α.
Introduction
Let g denote a finite dimensional simple complex Lie algebra. The aim of the present article is to further investigate Lie bialgebra structures on g [u] in the framework provided in [3, 5] . As it was shown in [3] , any Lie bialgebra structure δ on g [u] can be extended to a Lie bialgebra structureδ on g [[u] ]. The classical double associated to any such structure is isomorphic to one of the following Lie algebras:
Case I. g((u)) together with the following nondegenerate bilinear form Q a(u) (f 1 (u), f 2 (u)) = Res u=0 (a(u)K(f 1 (u), f 2 (u))),
where K is the Killing form of the Lie algebra g((u)) over C((u)). Here a(u) = 1 + ∞ k=0 a k u k is a Taylor series which satisfies certain properties which will be presented later.
Case II. g((u)) ⊕ g, endowed with the following nondegenerate bilinear form:
Q a(u) (f 1 (u) + x 1 , f 2 (u) + x 2 ) = Res u=0 (u −1 a(u)K(f 1 (u), f 2 (u))) − K(x 1 , x 2 ), for all f 1 (u), f 2 (u) ∈ g((u)) and x 1 , x 2 ∈ g. Again a(u) = 1 + ∞ k=0 a k u k is a certain Taylor series.
Case III. g((u)) ⊕ (g + εg), where ε 2 = 0. Here we consider Q a(u) (f 1 (u) + x 2 + εx 3 , f 2 (u) + y 2 + εy 3 ) = Res u=0 (u −2 a(u)K(f 1 (u), f 2 (u))− −K(x 3 , y 2 ) − K(x 2 , y 3 ), for any f 1 (u), f 2 (u) ∈ g((u)) and x 2 , x 3 , y 2 , y 3 ∈ g, and a(u) = 1+ ∞ k=0 a k u k is a certain Taylor series.
The Lie bialgebra structureδ (and implicitly δ) is uniquely defined by a bounded Lagrangian subalgebra W of g((u)), g((u)) ⊕ g or g((u)) ⊕ (g + εg). Moreover, W should be transversal to g [[u] ].
The classification of bialgebra structures is reduced in this way to the classification of bounded Lagrangian subalgebras W with the above property. Moreover, any such W can be embedded into a special algebra, a so-called maximal order, indexed by vertices of the extended Dynkin diagram of g. We recall its construction, according to [6] . Let h be a Cartan subalgebra of g with the corresponding set of roots R and a choice of simple roots Γ. Denote by g α the root space corresponding to a root α. Let h(R) = {h ∈ h : α(h) ∈ R, α ∈ R}. Consider the valuation on C((u −1 )) defined by v( k≥n a k u −k ) = n. For any root α and any h ∈ h(R), set
Let {h ∈ h(R) : α(h) ≥ 0, α ∈ Γ, α max (h) ≤ 1} be the standard simplex. Vertices of the above simplex correspond to vertices of the extended Dynkin diagram of g, the correspondence being given by the following rule: 0 ↔ −α max , h i ↔ α i , where α i (h j ) = δ ij /k j , and k j are given by the relation k j α j = α max . One writes O α instead of O h if α is the root which corresponds to the vertex h, and O −αmax instead of O 0 .
According to [3] , in case I, 1/a(u) is a polynomial of degree at most 2, in case II, is at most 1 and in case III, its degree is 0. Moreover, by means of a change of variable in C[u] and rescaling the nondegenerate bilinear form Q a(u) , one may assume that a(u) has one of the following forms:
(
In what follows we will treat separately case I (subcases 1-4), case II (subcases 3-4 are the only possible), case III (subcase 4 is the only possible).
Lie bialgebra structures on g[u] in case I
Here we consider g((u)) together with the form
for any f 1 (u), f 2 (u) ∈ g((u)). In [3] the following result was proved:
There exists a one-to-one correspondence between Lie bialgebra structures δ on g [u] satisfying Dδ(g [[u] ]) = g((u)) and bounded Lagrangian subalgebras W of g((u)), with respect to the nondegenerate bilinear form Q a(u) , and transversal to g [[u] ].
In [5] , we treated this infinite-dimensional problem by first showing that any such W can be embedded into a special algebra, a so-called maximal order, indexed by vertices of the extended Dynkin diagram of g. This embedding allows us to replace our infinite-dimensional problem with a finitedimensional one.
Proposition 2.2. [5] Suppose that W is a bounded Lagrangian subalgebra of g((u)), with respect to Q a(u) and transversal to g [[u] ]. Then there exists
, where α is either a simple root or −α max .
In [5] the Lie bialgebras corresponding to −α max were classified. In the present article, we investigate the Lie bialgebras corresponding to an arbitrary simple root α.
Consider the Lie algebra g ⊕ g, together with the nondegenerate bilinear formQ
, for any elements x 1 , y 1 , x 2 , y 2 ∈ g. Let us fix an arbitrary simple root α. Denote by P − α the standard parabolic subalgebra of g spanned by the root spaces of all negative roots and all positive roots which do not contain α. Let us denote by ∆ α the set of pairs (x, y) ∈ P − α × P − α which have the same reductive parts. Then the following result holds: Proof. Part (ii) was proved in [3] . We will prove (i). Assume that α has coefficient 1 in α max . Then the corresponding maximal order O α is given by the formula
where g 1 is the sum of the root spaces of positive roots which contain α (with coefficient 1), g −1 is the sum of the root spaces of negative roots which contain α (with coefficient 1), and g 0 consists of h and the root spaces of all roots which do not contain α.
Let us construct an isomorphismφ between
Then one can find first degree polynomials
Thus one obtains an isomorphismφ :
This implies that we have a 1-1 correspondence between Lagrangian subalgebras
) consists of all pairs of the form (a 0 + c −1
which is precisely ∆ α . We note that g 0 is the reductive part of
The proof is complete.
Remark 2.4. The classification of all Lagrangian subalgebrasW of g ⊕ g transversal to ∆ α was accomplished in [2] , Theorem 11. This result states that, up to a conjugation which preserves ∆ α , a subalgebraW can be obtained from a pair formed by a triple (Γ 1 , Γ 2 , A) and a tensor r ∈ h ⊗ h such that (Γ 1 , Γ 2 , A) is of type I or II and r satisfies certain equations depending of the case. We recall that Γ 1 , Γ 2 are subsets of Γ and A is an isometry between them. A triple is of type I if α / ∈ Γ 2 and (Γ 1 , θ(Γ 2 ), θ(A)) is admissible in the sense of Belavin-Drinfeld (see [1] ). A triple is of type II if α ∈ Γ 2 , A(β) = α and (Γ 1 \ {β}, θ(Γ 2 \ {α}), θ(A)) is admissible in the sense of Belavin-Drinfeld. Here θ denotes the Cartan involution of g 0 .
Remark 2.5. The classification of Lagrangian subalgebrasW can also be given using triples of the form (Γ 1 , Γ 2 , A), where Γ 1 ⊆ Γ ext \ {α}, Γ 2 ⊆ Γ and A : Γ 1 −→ Γ 2 is an isometry. In this presentation, the case k = 1 can be considered a particular case of the classification result which will be given in Remark 2.9.
Consider the Lie algebra g[ε] with ε 2 = 0, endowed with the following invariant form:Q Proof. We will only prove (i) (for (ii) see [3] ). Because k = 1, one has the following:
By means of the above isomorphism, we have a 1-1 correspondence between Lagrangian subalgebras W of g((u)), with respect to Q a(u) , which are transversal to g[ 
) is precisely P − α + ε(P − α ) ⊥ . This ends the proof.
Remark 2.7. In [6] it was shown that Lagrangian subalgebras of g[ε], with respect toQ ε , and transversal to P − α + ε(P − α ) ⊥ are in a 1-1 correspondence with pairs (L, B), where L is a subalgebra of g satisfying L + P − α = g and B is a 2-cocycle on L nondegenerate on L ∩ P − α .
Let us assume again that α is a simple root with coefficient k in α max . Denote by L α the Lie subalgebra of g whose Dynkin diagram is obtained from the extended Dynkin diagram of g by erasing α. Then the restriction of the bilinear formQ on g ⊕ g is nondegenerate on L α × g.
Consider the standard parabolic subalgebra of L α corresponding to −α max , P + αmax . We note that P + αmax and P − α have equal reductive components. Let ∆ α,αmax be the set of pairs (x, y) ∈ P + αmax × P − α with equal reductive parts. Proof. For each r, −k ≤ r ≤ k, let R r denote the set of all roots which contain α with coefficient r. Let g 0 = h ⊕ β∈R 0 g β and g r = β∈Rr g β .
One can check that φ is an epimorphism whose kernel is 
. Its image in L α ⊕ g via φ consists of elements of the form (a 0 + a −k , a 0 + −1 r=−k a r + b −k ), where a r ∈ g r , a −k , b −k ∈ g −k . Since P + αmax = g 0 +g −k and P − α = g 0 +g 1 +...+g −k , this set coincides with ∆ α,αmax . The proof is now complete.
Remark 2.9. The classification of all Lagrangian subalgebrasW of g ⊕ g transversal to ∆ α,αmax was accomplished in [4] , Theorem 2.13. This result states that, up to a conjugation which preserves ∆ α,αmax , a subalgebraW can be obtained from a pair formed by a triple (Γ 1 , Γ 2 , A) of type I or II and a subspace i a satisfying a certain condition. Let us recall how types I and II are defined. Let i denote the embedding of g 0 into L α . Here one considers triples of the form (Γ 1 , Γ 2 , A), where Γ 1 ⊆ Γ ext \ {α}, Γ 2 ⊆ Γ and A is an isometry between Γ 1 and Γ 2 . A triple (Γ 1 , Γ 2 , A) is called of type I if α / ∈ Γ 2 and (Γ 1 , i(Γ 2 ), iA) is an admissible triple in the sense of BelavinDrinfeld. The triple (Γ 1 , Γ 2 , A) is called of type II if α ∈ Γ 2 and A(β) = α, for some β ∈ Γ 1 and (Γ 1 \ {β}, i(Γ ′ 2 \ {α}), iA ′ ) is an admissible triple in the sense of Belavin-Drinfeld. The space i a is a Lagrangian subspace of
Finally, the remaining case a(u) = 1 follows by reformulating Prop. 3.2.1. from [6] . The result is the following:
Let α be a simple root with coefficient k. There exists a 1-1 correspondence between Lagrangian subalgebras W of g((u)), with respect to Q a(u) , [6] , p. 537). This concludes the analysis of the Lie bialgebra structures in case I.
Lie bialgebra structures on g[u] in case II
Consider g((u)) ⊕ g endowed with
) and x 1 , x 2 ∈ g. According to [3] , the following statement holds: 
For any
, regarded as an automorphism of g((u)) ⊕ g. According to [5] , the following result holds: 
Let us denote byφ the isomorphism induced by φ between the quotient and g ⊕ g. One can easily check thatφ((O α ⊕ g) ∩ g[u]) = ∆ α and thus we have a correspondence between W and Lagrangian subalgebrasW of g ⊕ g transversal to ∆ α . Statement (ii) was proved in [3] . This ends the proof.
Remark 3.4. We see that there is an analogy between the above result and Theorem 2.3. Therefore Lagrangian subalgebras W in g((u)) ⊕ g with the required properties can be expressed using the data given in Remark 2.4 and 2.5.
The remaining case to be discussed is a(u) = 1. Proof. We will use the same notation as in the proof of Theorem 2.8. We recall the following:
Then we have an isomorphism
Remark 3.6. With a different formulation, this result also appeared in [4] , where the so-called quasi-trigonometric solutions of the CYBE were classified.
Remark 3.7. We also note the analogy between this theorem and Theorem 2.8. The corresponding Lagrangian subalgebras can be described using the data given in Remark 2.9.
Lie bialgebra structures on g[u] in case III
Finally, let us treat case III, where the associated double is g((u)) ⊕ g [ε] , with the nondegenerate bilinear form given by the formula
) and x 2 , x 3 , y 2 , y 3 ∈ g. According to [3] , the following result holds: The case −α max has already been analysed in [5] . For an arbitrary simple root we have: Remark 4.4. This result was also obtained in [7] , where quasi-rational rmatrices were studied.
Remark 4.5. We observe that the above theorem is analogous to Theorem 2.6 and Remark 2.7 also holds.
